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Abstract: Conventional robust control design algorithms generate only one solution that
fulfils the suboptimal H,, norm criterion and thus, leaves no room for further controller
tuning. Often, the designed controller is not suitable, because it is either unstable or some
structural properties needs to be also satisfied. Then, the designer has to modify the
original control problem and to perform the entire synthesis again. This paper proposes a
method for improving the H,, control synthesis, by introducing extra flexibility into the
design process. Based on the formulation of all controllers belonging to a given
performance level and Lyapunov function candidate, the paper reveals the group structure,
corresponding to performance problem. Based on this group structure, efficient systematic
algorithms can be developed for #, controller tuning.
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1 Introduction

The most typical robust performance problem, can be cast as a suboptimal
normalized H,, design, where for a fix (given) generalized plant description P we
seek all controllers K that internally stabilize the loop and achievesthe
performance guarantee || &;(P, K) ll< 1. Through a practical design problem often
it would be desirable to perform a search on a set of controllers that guarantee a
given performance level in order to select a suitable one for a specific
implementation goal. A typical example is to find a stable controller, or a stable
controller that achieves a closed loop performance that was included in the H,
design specification. This problem leads to an iterative design process. In order to
implement such an iterative algorithm, a controller blending method is needed
which keeps invariant the stability of the loop and the prescribed H,, performance
level.

It is a fact, that by applying the Youla parametrization, the closed-loop will be an
affine expression §,(P,Q), defined by the stable parameter Q and the stable

. = nZW nZU. . . .
matrix P = (5 o ) Recall that the Youla parametrization, provided as
yw

Kstap = {K = My, (Q) | Q €Q,(V + NQ) exists}, where Q = {Q |Q stable}
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and My, (Q) = (U+MQ)(V+NQ)™', is induced by a double coprime
factorization of the plant, i.e., we have stable matrices such that

vV -U0\(M U\_s _(I ©
Uy )G v)=5m=( 1) @)
with P = NM~! = M~'N and a stabilizing controller K, = UV~ = V~10. For a

recent work that covers most of the known control system methodologies using a
unified approach based on the Youla parameterization, see [7].

With a further simplification, i.e., an inner(co-inner)-outer factorization we can
consider a parametrization where n,, and n,,, are isometries. Then we have the
invariance relation |l §&;(P,Q;) — &,(P,Q,) =1 Q; — Q, I of the Euclidean
distance. However, this is not the invariance we are interested in.

The starting point of this paper is the fact that solutions of the suboptimal #,,
design are parametrized by the elements of the unit ball. One of the most well-
known approach to arrive to this conclusion assumes either left or right
invertibility of P and uses the scattering framework by augmenting the plant, if
necessary, to obtain a well defined Potapov-Ginsburg transform P, see [1, 9] for
details. Then, a J-inner outer factorization P = ®,R, with a block tridiagonal
structure of the outer factor that corresponds to the structure of the augmentation,
solves the problem. The controllers are given by M z-1(H,) with H, =

(8 2) Il H II< 1, while the closed loop is given by Mg_(H,). Recall that ©,

is an inner function, thus
I (P, K) =1l Mg, (He) I1=11 F1(Og, He) 1< 1 (2
For the details on J-inner and J-lossless functions see [2] and [9].

These facts motivate our interest in the unit corresponding ball: if we would like
to blend controllers and guarantee a prescribed performance level, we should
blend elements of the unit ball. One possible approach is to consider the action of
the J-unitary operators on this ball — they obviously form a group considering the
composition of operators— and to express the desired operation as a group
homomorphism. This is the same idea (the indirect approach) that we follow with
the addition of the Youla parameters to blend stable controllers:

K = My, (Mg, (K1) + Mg, (K2))) ®)
We can formulate this process in more technical terms as follows: considering the
parameter space Q, the group of automorphisms associated to this space is formed
by simple translations Q - 7,, with 7, = (f) ?) T0,TQ, = T +0,-

In this particular case, the group homomorphism between the composition of

translations and the addition of parameters is trivially combined with the Mdbius
transform that defines the Youla parametrization. The only obstruction might
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appear for non-strictly proper plants, where some of the non-strictly proper
parameters, are out-ruled. While this approach does not provide an exhaustive
characterization of the topic, one can define a blending, that preserves stability
and it is defined directly in terms of the plant and controller, without the necessity
to use any factorization, see [17, 18].

The group actions that correspond to the addition of stable plants seen for the
Youla parametrization are the hyperbolic motions of the unit ball, determined by
the J-unitary operators. Therefore, to fulfil our program for the 7, problem, a
suitable parametrization is needed that relates the jJ-unitary operators to the
elements of the unit ball. Moreover, due to the increase in the plant order, we
might encounter serious difficulties. While most of the results presented in this
paper remain valid in a more general, operator valued, setting, here we restrict our
attention to the state space solutions and blending of full order #,, controllers.

We cannot define directly, an operation on the unit ball, in a trivial way, that bears
a nice algebraic structure. The map

0 (2) =a+1—a*|?z(1 + a*z)" 11— |a|?

is called a translation in the unit disc D. It can be shown that ¢, is an analytic
automorphism of D. Moreover, ;' = @_,. In the general case, the analytic
automorphisms ¢, (z) are called Mobius-Potapov-Harris transformations, see [11,
3, 5, 6]. The elementary Blaschke transformation defines the hyperbolic
translations, the Mobius addition a @ z = ¢,(2), like the translation group on the
Euclidean plane. However, elementary translations of the hyperbolic plane do not
form a group. Moreover, Mobius addition in the disc is neither commutative nor
associative.

One can introduce the concept of "gyrator" gyr:D x D — Aut(D,@), that
measures the extent to which Mo6bius addition, deviates from associativity and
commutativity:

gyr[a,b]z =0 (a DB b) D {a® (b & z)},
a® b = gyr[a,b](b D a), (gyro — commutative law),

i.e., gyrations represent rotations of the disc D about its center. Thus, in terms of
elementary translations and rotations the group structure of the hyperbolic
transformations can be characterized by using the concept of the gyrogroups, that
was introduced and applied mainly in the context of Einstein’s special relativity,
see, e.g., [20, 19] and the references cited therein. The group operation, the
Blaschke group, can be expressed as (a,a) © (b,B) = (a @

ab, gyr[a, ablaB). Elements of the set D x Aut(D,&P) are called motions of the
gyrogroup in the sense that each element (a, ¢) € D x Aut(ID,) gives rise to the
motion (I, ¢)z - z @ ¢pa. Moreover, every biholomorphic mapping h is of the
form h = @p oy (uxv) = u@p-14)(x)v, where u and v are unitary operators. The

metric defined as

-13-



J. Bokor et al. The ., Control Performance Group

— 1 LHlea®I _
p(a,b) =1n T arctanh(ll ¢,(b) 1)
is invariant with respect to biholomorphic automorphisms and provides an

extension of the Poincaré disk model of the hyperbolic geometry to the operator
ball [8].

It turns out that when we consider the solution of different quadratic performance
problems by using a state space description and LMI techniques, the solution sets
are parametrized by elements of a matrix unit ball, see [14, 15, 16]. This paper
presents in details an explicit parametrization of these suboptimal #,, controllers
and the corresponding induced operation on the parameter space. In contrast to the
operator valued case, in this context one can implement the necessary operations
easily.

Concerning the structure of the presentation: for the sake of completeness in
Section 2 we summarize the basic results related to the LMI-based suboptimal H,
controller synthesis problem, while Section 3 presents the result that provides all
the solutions of the problem that correspond to a fixed Lyapunov matrix.
Additional standard facts and notations are summarized in the Appendix. As a
counterpart of the indirect approach for the controller blending based on the Youla
parameters for stability, Section 4 presents the main result of the paper for
performance problems by providing a parametrization of the J-unitary matrices
and the group operation of this parameter space that corresponds to the hyperbolic
motions defined by these J-unitary matrices.

2 LMlI-based # ., Synthesis for LTI Systems

In this section we recall the main steps of LMI-based robust control synthesis. The
synthesis starts from the state-space model of the augmented plant comprising the
nominal plant model and all necessary weighting functions:

(Z) _(¢c, o, E (w) @
y cC E 0 u

Here u is the control input, y is the measured output, z is the performance output
and w collects the external (performance) inputs, such as noises, disturbances,

reference signals, etc. The controller is a finite dimensional, linear time invariant
system described as

()= 0)6) ©

With this controller, the closed loop system admits the following description:
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(i) = (céq 23;) (i}) where
A+ BD.C BC. B, + BD.F,

A B
(c z))= B.C A, B,
¢, +E,D.C E,C. D,+E,D.F,
A 0 B
P 0 B A, BN\(O0 I 0
={0 0o J+{r o )2 X)¢ o g) ®)
Cp 0 Dp 0 Ep c c 14

The aim of the control design is to minimize the induced £, norm between w and
z of T,,, =D + C(sl — A)™1B of, i.e., to find a stable controller (5) so that the
closed loop (6) satisfies the performance relation

57 (5O) (70 (MO ars e wierweee > 0 0

where the performance bound y > 0 is minimized to be as small as possible. If X
defines a quadratic storage function V (x) = x7 Xx the dissipativity relation

av(x) W\T (—y21 0\ (W . .
FraS (z) (0 I) (z) < 0 leads to the matrix inequality X >0,
0\" /0 0 X 0\ /I
I 0 —y?1 0 0 |[o0
B X 0 0 O A
C D 0 0 0 I cC D

which is nonlinear (quadratic) in the unknown variables. To render it linear, X is

. (X U (Y v N
partitioned as X = (UT *) and X7 = (VT *) where dimX = dimA4 and

0
I
5| <0 (8)

dim *= dimA..
1
. 0 I 0 o I 00 0
If we consider ker(BT 0 ET> = (o )and ker(o C E ) = <LP1>, then,
14 2 p 2
0] y

by an application of the elimination lemma, (8) is equivalent to the following set
of LMls:

Y I
(1 X)>o ©)
0 X 0 o,/ O
[ X 0 0 o4 B
o 0 =z oflo 1 |¥<0 (10)
0 0 0 1/\¢, D,
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0 v 0 o0 -K" -C}
Y, 0 0 O
T Y - 1_ - (i r|®>0 (11)
0 0 -1 0 B) -D}
0 0 0 vy 0 I

where ® = (gl) =ker(B" Ej)and¥ = ($:) =ker(C F)andY, = y?Y.

Once we have determined X,Y and the minimal performance level y,, the
corresponding Lyapunov matrix X, can be computed as follows: compute full
rank U,V such that UVT =1 — XY by using an SVD decomposition and set

Y v oo
=0 o) G v
The last step of the synthesis procedure is the construction of a stable controller
for the previously determined Lyapunov matrix and performance bound. By
substituting X, and y, in (8) one can easily recognize that (8) — due to the special
structure (6) of the closed loop system — has exactly the same structure as the LMI
in the Elimination Lemma. As a consequence, one possible controller candidate
can be determined by using the basiclmi procedure.

) to obtain the desired closed-loop Lyapunov matrix.

3 Parameterization of the Controllers

In what follows we present an approach for characterizing all solutions of the
design equations based on the following results:

Lemma 3 () Let P € ROm*W*(m+n) he g given symmetric (Hermitian) matrix with
inertia in(P) = (m,0,n). Let the matrix M be defined such that P = M*JM,
where, ] = diag(—I,,, I,). Then all solutions Z € R™™ of inequality

(’Z) P (’Z) <0 (12)

can be expressed as Z = T,,-1(H), where H is an arbitrary contraction: HTH < I.

Theorem 1 Consider the quadratic matrix inequality

T
(114KB + c) P (,I41<B + C) <0 (13)

in the unstructured unknown K. Assume C is of dimension n X m, P has inertia
(m, 0,n) and assume that A has full column- and C has full row rank, respectively.
If the solvability conditions are satisfied then all solutions of (13) can be
characterized as follows:

K =V,2;1Z3;* U, Z = Ty (H) (14)
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where V,, £, 25, U, and N are constant matrices determined by A, B,C, P and H
is an arbitrary contraction.

Remark 1 The rank conditions on A and B have been introduced to ease the
discussion. By slightly modifying the proof and the final formula (14) they can be
relaxed.

Proof. Suppose (13) has a solution, i.e., the solvability conditions hold. Compute
first the SVD-decomposition of A and B:

P
A=U(0)Vd,  B=Up(E O]
T4, X, are diagonal matrices collecting the nonzero singular values of A and B.

Then we have

AXB = U, (ﬁa) VIKU, (S, OV

0 R D (o 2

Introducing Z = X,K¥, (13) reads as
I
I 0
()P ( Z 0 T) <0
(C 1) Ua (0 O)Vb
Multiplying it from left and right by V;| and V,, we get
Vp
I 0
(TP ( Z 0 >< 0
(c Mo 9
which is the same as

I
ol O(Vb 0)0
@ 1)lo v\ z

0 0

The next step is reordering the rows of the rightmost matrix. For this, a
permutation matrix IT is introduced:

<0

o =~ o

I 0 0 O I 0 I 0
_[0 0 I O 0o 1\_[Z 0
T=lo 71 00 Mz o)={o0 1
0 0 0 I 0 0 0 0
Then (13) amounts to
I 0
T 1 O(Vb 0) T Z 0
O o’ w0 1 )<0
0 0
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Denoting the inner matrix product by P and partitioning it according to the blocks
of the outer terms we arrive at the following inequality:

1 o\" /I
Zz 0 Py Pp\[Z O

- 0
0 I <* p,)\o 1]
0 0 0 0

or, equivalently
T ~ ~
(2) P () ()Pa()
T
: (o) P22 (o)
If the analysis equation has a solution (which is assumed), then the bottom-right

. : = (INT 5 (I
block is negative definite, i.e., P,, = (0) P,, (0) <0. Schur complement

theorem can be applied now to transform the LMI to the form of (12):

INT [ < I\ 1 (INT 57 ]1/1

(Z) [Pll — Py (0) Py (O) P12] (Z) <0 (15)
Using this form Lemma 3 can be applied to generate all solutions of (15):
denoting by P = M*JM the inner matrix if one picks a particular solution given by

the matrix Z = T,,-1(H), then the original unknown controller variable K can be
computed as K = V, 271z, 1l

If we apply Theorem 1 to the synthesis inequality (8) evaluated at the previously
constructed Lyapunov matrix X and performance level y = y, values then we can
see that the controllers that guarantee the given performance level can be
parameterized as follows:

A. B
K= (CCC Di) = V223, Uy (16)
with Z = Ty(H) and H a contractive matrix. Throughout this paper it is assumed
that the domain of the Mobius transform Ty, is the entire contractive ball.

Remark 2 An analogous result can be obtained along the classical two Riccati
based approach, where the set of the controllers is described by a linear
fractional transform defined on the set of the contractive transfer functions, for the
details see, e.g., [21]. Then, by restricting the set of parameters on the set of
contractive matrices, we obtain an analogous starting point as for the LMI case.
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4 The Matrix Blaschke Group

As we have already shown, for performance problems the parametrization of the
solutions provides an immediate blending possibility by following the indirect
approach. In contrast to the stabilization problem [17], the identification of the
elements of this approach is not trivial. In what follows we present the group
structure and a parametrization of the automorphism group of the unit ball.

Setting J = (g (11

i.e., those matrices for which ®*J® = J. There is a correspondence between the
contractive ball and the J-unitary matrices: for every contraction H the matrix

_(Ny O I —H*
Py = (0 NH*) (—H I )
is J-unitary. It is convenient to introduce the following notations: Dy = (I — H*H)

and Ny = Dj;t. Observe that we have the following properties:
NH =N13, N(—H) =NH' HNH =NH*H,

) we consider the associated group of J-unitary matrices &,

NUH = NH, NHUU* = U*NH,

for any unitary U. It is immediate that &, = @}, and that ;1 = d_,,.
Concerning the geometric content, recall that j-unitary matrices define the
movements, i.e., hyperbolic translations, on the matrix unit ball that preserve the

hyperbolic distance. Their Mobius transform defines the multidimensional
generalization of the elementary Blaschke products:

By(Z) = Mo(Z2) = Ny+(Z — H)(I = H'Z)'Dy =
—H + Dy-Z(I — H*Z)™*Dy = §, (¥, 2)

. —H Dy
with ¥ = (DH o
biholomorphic automorphisms of the unit ball B and || By (Z) I< By (Il Z 1I).
Moreover, every biholomorphic mapping h is of the form h = By (UZV) =
UBjy-1(0(Z)V, where U and V' are unitary operators. The metric defined as

1+ B,(B) Il
1= Bs(B) |

). The elementary Blaschke products By(Z) are

p(4,B) =1n arctanh(ll B4(B) II)

is invariant with respect to biholomorphic automorphisms and provides an
extension of the Poincaré disk model of the hyperbolic geometry to the operator
ball. For details see, e.g., [4, 8, 10].

Note that
BH(O) = _H, BH(H) = 0, B_H(O) =H (17)
BH o B—H = B—H o BH =] (18)
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In contrast to the Euclidean geometry, where elementary translations form a
group, in the hyperbolic world we do not have this property. This fundamental
difference makes things more complicated: we cannot define a group structure
merely on the contractive ball. However, based on the observation that every J-
unitary matrix can be expressed as an elementary translation and a block diagonal
unitary action, there is a remedy.

Theorem 2 Every J-unitary matrix can be expressed as @ = Wy, , @y, where H is
a suitable contraction and U and V are unitary matrices, with Wy, =
diag{U,V}.

For the result in the general, operator valued context, see, e.g., [2]. Its proof relies
on the existence and uniqueness properties of the polar decomposition. The
following commutation formula is the basic observation for our purposes.

(DHWU,V = WU,VCDV*HU (19)

Its importance relies in the derivation of the formula that relates the action of the
J-unitary group in terms of the three parameters (U, V, H). Observe that

PP, = WU1,V1 q)Hl WUZ,VZ q’Hz = WU1,V1 WUZ,VZ q’VZ*Hl U, (DHZ = Wy y Py,

L8, Py vy, Py vy = Pruw

The operation (U,V,K) = (U, Vy,Hy) o (U, V,,Hy) defined by this
homomorphism is obviously a group, called the Blaschke group. If we would like
to provide an explicit expression of this homomorphism, we need to provide a
formula for the product &, @, of the elementary Blaschke factors, i.e., for
(U,V,H) = (,1,H) o (I,1,H,).

As a first step, observe that by definition we have

(U,V,H) = (U,V,0) 0 (I,I,H)

(U103, 1V5,0) = (Uy, V1, 0) o (U, V2,0)

and we have already shown that

(U, Vi, Hy) o (Uy, Vo, Hy) = (U U5, V1V, 0) 0 (1,1, V3 H U,) o (1,1, Hy) (20)

Before arriving to the final formula, we need some relations that are interesting in
their own right. First observe that by using the j-unitary property of &, and the

definition of By we have (;H(Z))*] <119H(Z)> = (x)J (IZ) (I —H*Z)Dy, i.e., the

defect can be expressed asDﬁ.H(Z) =1—B;y(Z)By(Z) = Q;;(Z2)Qy(Z), with the
factor Qy(Z) = D,(I — H*Z)™1Dy.

Thus, for the unitary matrix Ey(Z) we get the expression Dg, = Ef;(Z2)Qu(Z),
ie.,

Ey(Z) = Qu(Z)Np,,(z), and, by a direct verification results that
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By(Z) = —B;(H)Ey(Z) (21)
Now we can formulate one of the main results of this section:

Theorem 3 The product of elementary J-unitary matrices is the J-unitary matrix
given by

CDqu)HZ =Wyy P,
where the contractive term and the unitary factor can be computed as
H= B—HZ(HI)' U= E—HZ(Hl)’ V= E—H;(Hf)
Proof: Indeed, from the identity By, (By,(Z)) = VBy(Z)U* and applying (17)

we get 0 = VBy(B_y,(H))U", i.e, H=B_y,(H). It also follows that
BHl(_HZ) = _VHU*. ThLIS

2 — 2717% — 2 *
Dyy (-up =UDU" =UDg_,, U

2 _ 2 * __ 2 *
Dy, -y =VDyV" =VDg: )V

Putting together all these results we can obtain the expressions of the unitary
factors as U = E_y,(H,), V =E_p;(Hy), as it was claimed. Finally, we have
that

(E_p,(H1), E_yz(H1), B_y,(H1))= (I, 1, Hy) ° (1,1, Hy)

Combining Theorem 3 with (20) we have obtained the explicit formula for the
desired blending operation that defines the group homomorphism
¢(U1,V1,H1)CD(U2,V2,H2) = q)(Ul,Vl,Hl)O(Uz,VZ,Hz) = CD(U,V,H)

as follows:

Theorem 4 Corresponding to our notations, the operation given by

(Ul V! H) = (Ull Vll Hl) ° (UZ’ VZ’ HZ) =
(U U2E_p, (V2 H1Up), ViVLE s (U2 HiV2), B_y, (H1)) (22)

defines a group structure.

Remark 3 In the performance problem considered in this paper we are interested
only in the contraction part, see (16). One might think that the map (H,, H,) —
B_y,(Hy) is sufficient to define the blending, and that the unitary part does not
play any role. Thus, it seems that in the matrix case, for practical purposes one
needs only the elementary Blaschke maps according to Tq,, (0) = —H.

Remember, however, that ®, &, = W, ®,, in general. Thus, the elementary
Blaschke maps are not enough to define an automorphism group structure and we
should use the formula Toy, Ty, (0) = T, (0) = —=VHU", where the parameters

are given by Theorem 4. At this point recall, that the controller is given by (16),
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where Z = Ty(H) = (C + DH)(A+ BH)™™. Thus, in an iterative process, the
additional unitary factors may be used to maintain some structural constraints
through the iteration. As an example, taking a generalized SVD of the pair (4, B),
one can simplify the computation of the inverse during the iteration.

Conclusions

This paper proposes a method for improving the H,, control synthesis, which
provides a starting point for developing algorithms that uses some sort of iteration.
The paper is based on the observation that solutions of the quadratic performance
problems, e.g., a suboptimal H,, design, are parametrized by the elements of the
unit ball. Based on the formulation for all controllers belonging to a given
performance level and Lyapunov function candidate, the paper reveals the group
structure corresponding to the control performance problem.

The paper presents, in detail, an explicit parametrization of the hyperbolic motions
of the matrix unit ball and the corresponding induced operation, on this parameter
space. The obtained formula, leads to an indirect blending algorithm, for
controllers, that guarantees a given performance level. In contrast to the operator
valued case, in this context, one can implement the necessary operations easily.
Based on this group structure, efficient systematic algorithms can be developed
for H,, controller tuning.

Acknowledgement

This work has been supported by the GINOP-2.3.2-15-2016-00002 grant of the
Ministry of National Economy of Hungary and by the European Commission
through the H2020 project EPIC under grant No. 739592.

References

[1] J. A Ball, J. W. Helton, and M. Verma. A factorization principle for
stabilization of linear control systems. Journal of Nonlinear and Robust
Control, 1:229-294, 1991

[2] H. Dym. J—contractive matrix functions, reproducing kernel Hilbert spaces
and interpolation. AMS, Providence, R. I., 1989

[31 A. V. Efimov and V. P. Potapov. J-expanding matrix functions and their
role in the analytical theory of electrical circuits. Russian Math. Surveys,
28(1):69-140, 1973

[4] L. A. Harris. Bounded symmetric homogeneous domains in infinite
dimensional spaces, pp. 13-40, Number 364 in Lecture Notes in
Mathematics. Springer- Verlag, New York, 1973

[5] L. A. Harris. Bounded symmetric homogeneous domains in infinite
dimensional spaces. In T. L. Hayden and T. J. Suffridge, editors,
Proceedings on Infinite Dimensional Holomorphy, Volume 364 of Lecture
Notes in Mathematics, pp. 13-40, Springer Berlin Heidelberg, 1974

-22 -



Acta Polytechnica Hungarica Vol. 16, No. 9, 2019

(6]

(7]

(8]

(9]
[10]

[11]

[12]

[13]

[14]

(18]

[16]

[17]

(18]

[19]

[20]

[21]

L. A. Harris. A generalization of C*-algebras. Proceedings of the London
Mathematical Society, 42(2):331-361, 1981

L. Kevickzy and Cs. Banyasz. Two-Degree-of-Freedom control systems:
the Youla parameterization approach. Academic Press, 2015

V. A. Khatskevich. Generalized Poincaré metric on the operator ball.
Mathematical notes of the Academy of Sciences of the USSR, 17(4):321-
323, 1984

H. Kimura. Chain-scattering approach to H,, control. Birkhauser, 1997

M. 1. Ostrovskii, V. S. Shulman, and L Turowska. Unitarizable
representations and fixed points of groups of biholomorphic
transformations of operator balls. Journal of Functional Analysis,
257(8):2476-2496, 2009

V. P. Potapov. The multiplicative structure of J-contractive matrix
functions. Amer. Math. Soc. Transl., 15:131-243, 1960

C. Scherer and S. Weiland. Linear Matrix Inequalities in Control. Lecture
Notes, 2005

C. W. Scherer. Recent Advances on LMI Methods in Control, chapter
Robust Mixed Control and LPV Control with Full Block Scalings, pp. 187-
208, SIAM, 2000

Z. Szabd, Zs. Bir6, and J. Bokor. All controllers for an LPV robust control
problem. In 7" IFAC Symposium on Robust Control Design, Aalborg,
Denmark, 2012

Z. Szabd, Zs. Biro, and J. Bokor. Mobius transform and efficient LPV
synthesis. In Proc. of the 51™ IEEE Conference on Decision and Control,
Maui, Hawaii, 2012

Z. Szab6, Zs. Bird,. Géaspar, and J. Bokor. Elimination lemma and
contractive extensions. In Proceedings of the 52™ IEEE Conference on
Decision and Control, 2013, Firenze, Italy, 2013

Z. Szab6 and J. Bokor. Controller blending — a geometric approach. In
European Control Conference 2015, Linz, Austria, 2015

Z. Szab6 and J. Bokor. Jordan algebra and control theory. In European
Control Conference 2016, Aalborg, Denmark, 2016

A. A. Ungar. Hyperbolic Triangle Centers, volume 166 of Fundamental
Theories of Physics. Springer Netherlands, 2010

A. A. Ungar. Analytic Hyperbolic Geometry and Albert Einstein’s Special
Theory of Relativity. World Scientific, 2008

K. Zhou, J. C. Doyle, and K. Glover. Robust and Optimal Control. Prentice
Hall, Englewood Cliffs, New Jersey, 1996

—-23 -



J. Bokor et al. The ., Control Performance Group

Appendix
Notations and basic results

The notations used in the paper are fairly standard. The kernel of a matrix M is
denoted by M, and is interpreted as MM, = 0. The inertia of a matrix M is
denoted by in(m, k, n) where m, k, n are the number of positive, zero and negative
eigenvalues of M. The Mdbius transformation of matrix K with respect to the
matrix N is denoted by Ty (K) and is defined by Tn(K) = (C+ DK)(A+
BK)™1,

_[A B
where N = c ol
Lemma 2 (Projection lemma) For arbitrary A, B and a symmetric P, the LMI
KTXB+ BTXTA+P <0 (30)

in the unstructured X has a solution if and only if
ATPA, <0 and BIPB, <0, (31)
where A, = ker(A) and B, = ker(B).

If (31) is satisfied then one particular solution X of (30) can be determined by the
numerical algorithm implemented in basiclmi MATLAB routine.

Lemma 3 (Elimination lemma) Consider the quadratic matrix inequality

T
(,I4XB + C) P (,I4XB + C) <0 (32)

in the unstructured unknown X. Assume C is of dimension n x m and P has
inertia (i, 0, n). Then (32) has a solution if and only if

INT (1 —c™\" i (—CT
T T 1
BT (C) P(C) B, <0, and A} (1 ) P (1 )Al >0, (33)
where A, = ker(A) and B, = ker(B).

Note, that solution of the H, problem uses the Projection lemma, which is a

special case of the Elimination lemma when P = (g g)

Mobius transformation and basic properties

Definition 1 Let M € Fm+mx(m+n) (F — R or C) be partitioned as M =
(A B
cC D

Ty(X) = (C+ DX)(A + BX)™! for X € F"*™ where (A + BX)™! exists. Denote
by dom(Ty,) = {X € F™™ : 3(A + BX)~1} the domain of T},.

The dual Mébius transformation is defined by T3(Z) = (ZB + D)"*(ZA + C),

). The Mobius transformation T, is defined by the equation
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and dom(TQ) = {Z € F™™ : 3(ZB + D)~ '}.
Theorem 5 Let M € FM+mX(m+n) Thep

X €dom(TY) © X' €dom(TyyL).

0 I .
Moreover T(X) = T}y, (X™), where L = (1 0’"). If M € Fm+mx(min) jg g
n
nonsingular matrix, then T, (X) = —T,\‘}_l(—X).
Corollary 1 =Ty (X) = Ty (=X7).

Let us consider the composition of two Mdbius transformations.

Definition 2 Let M and N be partitioned as M = (‘2 g) N = (g 1:1)

Composition of the transformations Ty, and Ty is (Ty © Ty ) (X) = Ty (Ty (X)).
Lemma 4 (Ty © Ty)(X) = Ty (T (X)) = Ty (X), with X € dom(Ty,) and

Ty (X) € dom(Ty). If M is nonsingular, Z € dom(Ty,) and Ty (X) = K then
K € dom(T),-1) and T\,-1(K) = X, i.e., dom(T);) = Range(T;-1).
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