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Abstract: The control of a process by poles placement is one of the most used forms of
feedback control. It allows not only to stabilize a process, but also to control its dynamic.
Furthermore, the optimal controls with quadratic criteria of linear systems in fact lead to
the pole placement. In this work, we present an approach to the stabilization of nonlinear
systems in presence of uncertainties using poles placement by state feedback and the
determination of attractors by diagonalization of the characteristic matrices linearized
around operating points and using aggregation techniques.
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1 Introduction

The control of complex nonlinear process appears generally difficult, particularly
in the case of ill-defined or imprecise models and when these processes are subject
to unidentified noises or disturbances for which the only available information is
the amplitudes of the uncertainties resulting in the definition of the model. A great
number of works have been presented related to this problem [1-6]. For a
nonlinear process in continuous time, whose evolution is described by a set of
differential equations, the most commonly used model is represented in the state
space.
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However, starting from a set of given differential equations, several
representations can be used and the choice of the model can affect the accuracy of
the expected results.

In the presence of uncertainties in modeling, that increase the complexity of the
stability study, it is not always possible to obtain a control law ensuring the
stability of the process with respect to a chosen objective. It is then necessary to
estimate the maximum deviation from this target, an operation which can be
performed by determining an attractor corresponding to the vicinity of the purpose
for which the local stability cannot be guaranteed [7-15].

Linear system stability study generally leads to necessary and sufficient conditions
and doesn't depend, generally, on the system representation. The task is different
for nonlinear systems with or without uncertainties, for which only sufficient
conditions can be proposed; then the determination of their stability domains and
attractors depends on the choice of both the description of the studied system and
the used stability method [16-18].

Process control through poles placement is an usual feedback control used for
linear systems [19]. It doesn't allow only to stabilize the studied process, but also
imposes its dynamics. For nonlinear systems with uncertainties, the approach is
more complex.

In the case of large scale systems, generally described in the state space, stability
conditions are obtained, either directly for the whole system or separately for the
various subsystems.

In this paper, the determination of the state feedback is based on a specific state
space description of the linearized process and the determination of the attractor,
when the process is submitted to uncertainties, is achieved by using aggregation
techniques and the Borne-Gentina stability criteria, with the use of vector norms
and of comparison systems [20-27].

The aim of this work is to present an approach to the study of stability of
nonlinear systems and the estimation, by overvaluation, of the attractor. In Section
2, we propose an attractor determination method by diagonalization of the
linearized characteristic matrix around an operating point when the control law is
achieved by poles placement and by the use of the aggregation technique for
stability study. The determination of attractor for a third order nonlinear complex
system is presented, in Section 3, to illustrate the efficiency of the proposed
approach.
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2 Proposed Attractor Determination Method

In this section the poles placement is determined on a linearized model of the
initial system without uncertainties.

2.1 Determination of State Feedback Gain L

Let us consider the system (S) described by
x(t) = AQX@®) +B(u®) +B’() Q)

with AceR™, BeR", xeR", ueR and B'eR" characterizing the influence
of uncertainties.

By linearization of the system (1) without uncertainties, around the operating
point x, , it comes the correspondent linearized model (2)

X(t) = A(0)x(t) + B(O)u(t) 2
assumed to be controllable.

The state feedback control law of (2) is defined in the form

ut) = - Lx(t) ®3)
such that
L=[lg h ... ly] LeR" @)

Note P, the matrix of change of base such that

X =P.X; (®)

which enables to describe the linearized system (1) without uncertainties in the
controllable canonical form

%o (OFAX: (6) +Beu() (©)
with x, the new state vector of the process, A. =P, AP, and B, =P, 'B.

After substituing (3) in (1), it comes for the process without uncertainties

% (1) = Acxe () — B Lx (1) @)
or

%, = P7AP.x, + PT'BLP.x, (8)
then
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X (1) = He X (D) 9)
with

He=A Bl (10)
and

LP, =L, (11)
such that

L=-[ly g - ., | (12)

L, is the state feedback gain in the controllable base in which , the matrices
A.and B are written in the canonical controllable form. The characteristic
polynomial of matrix A, P,(4) .

Po(2) =det(Al —A) = A" +a, ;A" +.. . +a, (13)
is invariant by change of base. Then, we have Py (1) =P5(4).

The matrix A, being in the companion canonical form, we can easily calculate
the characteristic polynomial of the closed loop system characteristic matrix,

noted PHC 1),
Py, (A) = det(21 - (A, - BL,) (14)

By the choice of L., we can impose the coefficients of the characteristic

polynomial such that
Pu, (4) =Pag (A)

L ) (15)
= A"+ A" A A+

This enables to impose the poles of the system, poles we choose real and distinct.

Once L, determined, a simple calculation of L =L P allows to determine the
state feedback into the initial base.

It comes for the closed loop initial model the characteristic matrix
H(X) = (A(X) - B(XL) (16)
the linearised closed loop system is described as following

X(t) = H(O)x(t) A7)
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with
H(0) = A(0) - B(O)L (18)

A suitable choice of the gain vector L enables to make the poles, of this linear
closed loop system, real and distinct.

In practice, a first determination of the attractor can be achieved directly on the
initial representation. Another one obtained by the use of the change of basis,
which diagonalizes the linearized system at the origin, can lead to different and,
very often, better results. With this change of base, the representation of the initial
nonlinear system is generally diagonal dominant in the neighborhoods of the
origin which enables, with a convenient definition of the comparison system, a
better estimation of the attractor.

Let now P be the change of variables which diagonalizes the linearized closed
loop model characterized by H(0) .

It comes, the corresponding diagonal characteristic matrix H, (0) such that
Hq(0)=PH(O)P (19)
By using the new state vector Xy , X4 =[ X43, Xg2---» xdn]T , such that

X(t) = Px4 (t) (20)
B('j , Characterizing the uncertainty in the new base, is defined by

By =P !B’ (21)
it comes for the initial non linear system

Xa (t) = Hg ()% () +Bg () (22)

where H :{adij (.)} is defined by

Hg()=PH()P (23)

After applying the change of base allowing to diagonalize the linearized system to
the initial one's (1), we propose, in this paper, to study the stability and to
determine the attractor of the initial system, controlled by the same state feedback
law (3).
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2.2 Proposed Attractor Determination

For the vector norm p(x4) :[|xdl|,|xdz|...,|xdn|]T (Appendix A), the overvaluing
system of the perturbed system is described by [13].

S P(xs) <M)P(Xy) +NO) (24)

where M (Hq(.)) ={m; ;(.)} is obtained by replacing the off-diagonal elements of
Hy (X) by their absolute values such as

ml’l()zad“ () VI :1,2,n

. (25)
m,;() :‘ad”_ (.)‘ Vi
and N(.) defined by
NG =[Ba ()] (26)
With M =maxM(.) and N =maxN(.), it comes the linear comparison system
z=Mz+N (27)
such that

2(ty) = p(xy () implies  2(t) = p(x, (1), V=t

If M is the opposite of an M-matrix, we can have an estimation by overvaluation
of the attractor defined by

p(x4 (1)) <-MIN (28)
or

p(Px(t)) <-M'N (29)
Then, we have

tirpwz(t) =-M7N (30)
and

Jim p(xg () <-M 7N (31)

It comes the attractor D, of system (22) defined by

Dl:{xd eR"; p(xd)S—M‘lN} (32)
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In the domain D, , according to the limitations that appear on the state variables, it
is possible to the choose a new nonlinear model which enables to determine a

better estimation of the attractor as it appears in the application of Section 3

3 Attractor Characterization of a Third Order
Nonlinear Complex System

Let us consider the third order system (S) described by

(S) : x(t) = A(x, t)x(t) + B(x, tu(t) + B'()

with
&1 3 A3
Ax(t) =|ay ay axp
A3 93 g3

a, =—2.9-0.1e7%

&3 =-5

8y, = 0.1sin X, +6C0S X4
ay, =1.05-2.05c0s x5
ay3 =5-3C0S X3

ag =—12-0.1sin %

asp =0

ag3 =—2+0.02sin x;

and
-2
B(x(t)) =| —cos X3
2
—0.2satx
B(X)=| bs()
0.1e7%
such that

satx; =x;,if|x| <1, else, satx; =sign x;,

and, |bj () £ 0.15

(33)

(34)

(3%)

(36)

@37)
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By linearization of the system without uncertainties, around the operating point
Xy =0, we obtain the linear model characterized by the following A(0) and B(0)

7 -3 -5
AQ)=| 6 -1 2 (38)
-12 0 -2
and
-2
B(0)=| -1 (39)
2

Then, by putting the linearized system in controllable canonical form, it comes
Xo = AXe +Beu (40)

The characteristic polynomial of the linearized system can be written as

det(11 — A(0)) = A% —44% —611-110 (41)
and we have
0 1 0 0
A=l 0 0 1|, B.=|0 (42)
110 61 4 1

In order to impose a choosen dynamic to the process, the state feedback gain L, of
system (17) with (18), (39) and (40), is chosen such that the poles of the closed
loop characteristic Pp)_g(o). (4)are (-3), (-4) and (-5), i.e the characteristic
polynomial:
Pa@)-oyL (A) = (A +3)(1+4)(1 +5) @)
=2%+1224% + 472+ 60

corresponding to the following characteristic matrix H,

0 1 0
0 0 1 (44)
60 47 12

The state feedback gain have to satisfy the following conditions

u=-[170 108 16]%, =[l, I, I |x (45)
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Given that we have L=L_P;*, it comes the control vector gain
L=[-6 2 3 (46)

and the matrix of the closed loop system without uncertainties linearized at the
origin H(0)

5 1 1
HO=/0 1 5 @7
0 -4 -8

which becomes diagonal for the change of base P defined by

0125 0 —-0.625
P=[125 075 0 (48)
-1 075 0

In this case, the initial system defined by (33) with (34) and (35), controlled by the
control law (3) with (47), can be described by H#(x) = (A(X) — B(x)L) such
that

hy hy  hig

Hx®)=|hy by hy (49)
h31 h32 h33

with

by =5

h, =1.1-0.1e7%

h3 =1

hy, =0.1sinx

hy; =5
hy; =-0.1sin %
hg, =—4

hy; =0.02sinx, —8

Let us try to determine directly an attractor estimation D, of the initial model.
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If the comparison system of the process is in the form (27), according to (49), the
minimal  overvaluing  matrix  relatively to the regular  vector

norm p(x) =[|><1|’|X2|-|X3|]T is

iy [ho| |
M (H(x(1))) = |h21| hy, |h23| (50)
|h31| |h32| h33
and N(B)is
0.2
N(B)=|0.15 (51)
0.1

In this case, the comparison system can be described by

5 11 1 0.2
7=|121 11 5 |z+|0.15 (52)
01 -4 -7.98 0.1

For this comparison system, the matrix M is not the opposite of an M-matrix
because of one of the diagonal elements is positive. Then we cannot conclude
concerning the determination of an attractor.

By the use of change of variables P, H (x) becomes such that

hdll hdlZ hd13

Hy(X(1) =|hg2r hazz  hazs (53)
hd 31 hd32 hd 33

with

g1 = —0.25c0s X5 —0.08sin X, —2.75

g1, =—0.15c0s X3 —0.06sin X, +0.15

ha13 =0

hy2, = 0.33c0s X5 +0.15sin x; —0.333

Ny, =0.2€0s X3 +0.1sin X, —4.2

hy25 =—0.0833sin %,

hys, = 0.267% —0.05c05 X, —0.016sin x, —0.15

hys, =0.126 7% —0.03¢05s X, —0.0125in X, —0.09
hyss =—5

~30-



Acta Polytechnica Hungarica Vol. 13, No. 4, 2016

The comparison system of the process, corresponding to the vector norm
P(%a) = [|Xa]s|xaz] | xga| ' - i in the form (27), with

1
N =max | P*B'(.)|<|1.4667 (55)
0.733

According to (49), the minimal overvaluing matrice relatively to the regular vector
norm is the following

-2.42 0.36 0
M =|0.813 -3.9 0.0833

0.216 0.132 -5

1
and N =| 1.4667
0.733

(56)

It is trivial that the following conditions

-242<0
(—2.42x-3.9)—(0.813x0.36) >0 (57)
det(M) <0

are satisfied, M is then the opposite of an M-matrix (Appendix B),

and we have

lim z(t)=-M N (58)

t—+o0
and

lim p(xq (1) <-M7IN (59)
t—+0
It comes an estimation, by overvaluation, of the attractor defined by
p(x4 (1)) <-M "IN, or

0.4848
p(x4 (1) <| 0.4810 (60)
0.1802

The attractor D, is finally defined by
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|4, +4x;| < 0.4848
|-5.333x, —6.6667x;| < 0.4810 (61)
|-1.6x, +0.8x, +0.8x;| < 0.1802

In D,we have |x|<0.1732, |x,|<0.9643 and |x;|<0.8431
A new description of the system (S) can be defined, in D,

As |x1| <0.1732 it comes, satx, =X, then this value can be introduced in the
definition of H (x(t))

Hence the description

5.2 1.1-0.1e7% 1
H(x(t)) =| 0.1sinx, 1.05-0.05c0s x4 5 (62)
—0.1sinx -4 0.02sinx, —8
and
0
B(x)=| by() (63)
0.1e7%

By the use of change of variables P, H (x) becomes such that

hclill htlilZ ht'113

Hq (x(t)) = h;i 21 hr,j 22 h;i 23 (64)
hcli 31 h('132 htlj 33

with

hy11 = —0.25C08 X3 —0.08sin %, —2.75

hg12 = —0.15c0s X5 —0.065sin X, +0.15

hc|113 =0

hy21 = 0.33c0s X5 +0.15sin x; —0.333

hy2p = 0.2008 X5 +0.1sin X, —4.2

hyos = —0.0833sin

hyay = 0.2 —0.05¢08 X, —0.016sin x, —0.11

hy3p = 0.12¢% —0.03cos X3 —0.012sin x; —0.09

hcli33 =-52
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the comparison system corresponding to the vector
P(%a) =[|Xa]s|xaz] | xaa| ' - i in the form (26), with

1
N =max | P*B'(.)|<|1.4667 (65)
0.2

Then, in D,, the comparison system of the process is on the form (27). According
to (64), the minimal overvaluing matrices relatively to the regular vector norm are
the followings

—2.9025 0.0605 0
M =| 0.1393 -3.9828 0.0144

0.0897 0.0783 -5.2

66
1 (66)
and N =|1.4667
0.2
As the following conditions
—2.9025<0
(—2.9025x-3.9828) — (0.1393x 0.0605) > 0 (67)
det(M) <0

are satisfied, M is, then, the opposite of an M-matrix.

It comes an estimation, by overvaluation, of the attractor defined by
P(xg (1)) <-M 7N

or
0.3525
p(x4 (1)) <| 0.3808 (68)
0.0503

The attractor D, is finally defined by

|4x, +4x%5| <0.3525
|-5.333x, —6.6667x5| < 0.3808 (69)
|-1.6x, +0.8x, +0.8%;| < 0.0503
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The obtained attractors D;and D, are given in the Figure 1, for which a trajectory
in the state space is simulated for b; (.) = 0.15sint .

Figure 1
Evolution of the state vector towards the attractors D;and D, (in bold)

Conclusion

An efficient technique for determination of attractors characterizing the precision
of a control law is defined in this paper using the concept of vector norm,
associated to the definition of comparison systems obtained by the use of the
Borne and Gentina stability approach. The proposed approach for determination of
the control law by state or output feedback in presence of uncertainties is based on
a local linearization and control of the system. Process control through poles
placement of the linearized system is used in the feedback control. This method
enables to test the accuracy of a controlled system by providing an estimation by
overvaluation of the error. The proposed method is applied with success for a third
order nonlinear complex system to illustrate the efficiency of the proposed
approach.

Appendices
Appendix A. Vector Norms Definition

Definitionl: LetE=R" and E;,E,...E, be subspaces of the space
E,E=E, UE,...UE,

Let x be an n vector defined on E and x; =PBx the projection of x onE;,
where P is a projection operator from E into E;, p;a scalar norm (i=1,2,..., k)
defined on the subspace E;and p denotes a vector norm of dimension k and with
its component

p(X)=pi (%), p(x):R" ® Rf
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Lety be another vector in space E, with y; = By, we have the following properties

pi(xi)ZO,in eEvi=12,...,k

(xi):0<—>xi =0,vi=12,...k

Pi (X +Yi)< pi (%) + i (i), V%, i € EiVi=12,... K
Pi (A% ) =M pi (%), X Vi=12,...k, VAUR

o)

If k-1 of the subspaces E; are insufficient to define the whole space E , the vector
norm is surjective.

If in addition the subspacesE;are in disjoint pairs, E;NE;=9,
Vi# j=12,...,k, the vector norm p

is said to be regular.

Appendix B. Overvaluing and comparison systems

Let the differential equation X = A(X,t)x. The overvaluing system is defined by
the use of the vector norm p(x) of the state vector x and the use of the right-band

derivation D" p; (¥;) proposed by [28,29] D" p,(x;) is taken along the motion of x
in the subspace E; and D" p(x) along the motion of x in E.
Definition 2: The matrix M (x,t) defines an overvaluing system of S with respect

to the vector norm p if and only if the following inequality is verified for each
corresponding component: D" p(x) <M (x,t) p(x)

If for the same system we can define a constant overvaluing matrix M, we have
M = M(x,t) and we have z(t)> p(x(t)) fort>t, as soon as this property is

satisfied at the origin t,

When an overvaluing matrix M (x,t) of a matrix A(X,t) is defined with respect to
a regular vector norm p we have the following properties:

- The off- diagonal elements of matrix M (x,t) are non negative.

- If we denote by Re(4,,) the real part of the eigenvalue of the maximum
real part of M(x,t) the following inequality is verified

Re(1,) <Re(4y) =4y VtxerxO",

whatever the eigenvalue A, of matrix A(X,t)
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- When all the real parts of the eigenvalues of M (x, t) are negative this
matrix is the opposite of an M-matrix and it admits an inverse whose
elements are all non positive.

- When due to perturbations and/or uncertainties it is not possible to define
an homogeneous overvaluing system we can define a non homogeneous
overvaluing system of the form D™ p(x) <M (xt) p(x)+ N(x,t), where

all the elements of vector norm nonnegative and when M and N are
constant, we can define the comparison system z=Mz+N

Remark 1. With M (.) ={mij (.)}the verification of the Kotelyanski lemma by the

matrix M(.) prove that M(.) is the opposite of an M-matrix

My, My, - My
m, M, My My o0 My
my <0, * C1-0,., (D8 “1-0
my, My,
Mg Mo oo My

Remark 2. A less conservative approach consists to use a vector norm of size k=n,

for example p(x) = [|xl|, |Xa] . |xn|]T

Remark 3. If M(.) is an overvaluing matrix of a matrix A(.), M()+M" where

the elements of M~ are all non negative is also an overvaluing matrix of A() .

This property can be used to simplify the determination of an overvaluing matrix
of A(.) when some elements of A(.) are ill defined or subject to uncertainties.
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